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Abstract 

Abstract: In this paper, we have shown that the entropy of the Kehagias-Sfetsos 
black hole in Horava-Lifshitz (HL) gravity can be expressed by the Cardy-Verlinde 
formula. The later is supposed to be an entropy formula of conformal field theory 
in any dimension. 
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1 Introduction 



Verlinde put forward a very interesting formula [T] which relates the entropy of conformal 
field theory in arbitrary dimension to its total energy and Casimir energy. It has been 
shown to hold for topological Reissner-Nordstrom and topological Kerr-Newman [3] 
black holes in de Sitter spaces, Taub-Bolt-74dS'4 [1], Kerr-(A)dS [5] and BTZ black hole 
[0]. There are many other relevant papers on the subject [3 El IH]- Thus, one may naively 
expect that the entropy of all CFTs that have an AdS-dual description is given as the 
form. However, AdS black holes do not always satisfy the Cardy- Verlinde formula [TO] . 
The aim of this paper is to further investigate the AdS/CFT correspondence in terms of 
Cardy- Verlinde entropy formula. 

Recently, a power-counting renormalizable, ultra-violet (UV) complete theory of gravity 
was proposed by Hof ava in [HI [T21 [T31 [H] . Although presenting an infrared (IR) fixed 
point, namely General Relativity, in the UV the theory possesses a fixed point with 
an anisotropic, Lifshitz scaling between time and space. Due to these novel features, 
there has been a large amount of effort in examining and extending the properties of the 
theory itself [l5l[T6l[I71[l8l[T9l[30lini[2Ql[ail23l3^ 

Additionally, application of Horava-Lifshitz gravity as a cosmological framework gives rise 
to Hofava-Lifshitz cosmology, which proves to lead to interesting behavior [33 ESI 1^ - 
In particular, one can examine specific solution subclasses [381 EHl SOl SH SSI SSI HI], 
the phase-space behavior [l5l US], the gravitational wave production [171 HHl HHl |50l |5T] . 
the perturbation spectrum [521 [531 Ell ESI [571 EHl [601 ES], the matter bounce [611 [621 
[Ml [S3], the black hole properties [SSl[SSl[S71[SSl[SSl[7ni[ni[721[731[711IH3], the dark 
energy phenomenology [73, [7S1 [77], the astrophysical phenomenology [7H1 [ZHl [SD], the 
thermodynamic properties [STl [82] etc. However, despite this extended research, there 
are still many ambiguities if Hofava-Lifshitz gravity is reliable and capable of a successful 
description of the gravitational background of our world, as well as of the cosmological 
behavior of the universe [THl [301 [211 [231 [SI] • In the present paper we would like to check 
the consistency of the Cardy- Verlinde formula, for the Kehagias-Sfetsos black hole. 

2 Kehagias-Sfetsos black hole 

The natural setting of Hofova-Lifshitz gravity is the ADM formalism, where the four 
dimensional metric is parameterized by the following 

rfs2 _ -N^c^dt^ + gij{dx' + N'dt){dx^ + N^dt). (1) 

Here is the lapse function and Ni is the shift function, respectively. The Hoi^ova action 
is 

S = I dtdx'^gN\hK,,K^^ - A,A-) - ^C.-C-' + ,Rf' 



.2, ,2 , . ^2, ,2 ,4_)^ 



+ ^(^^ {^^{R'^'f - AwR''' + 3A^^) 



K3A,-1)' 



(2) 
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where k, A^, Ug^ fj., w and Aw are constant parameters. Also R^^^ is a 3- dimensional 
curvature scalar for Qij] Kij is the extrinsic curvature given by 



is the extrinsic curvature and 



(3) 



(4) 



is the Cotton- York tensor. The fundamental constants including speed of light c, Newton's 
gravitational constant G and the cosmological constant A are defined as 



2 _ K^/i^lAiyl 



8(3A,-1)2' 



G 



167r(3A3- r 



A = -Kwc^. 



Consider a static and spherically symmetric solution given by 

ds^ = -e'^^'^df + e^(^)rfr2 + r^dO^ + sin^ dcj)''), 



(5) 



(6) 



By substituting the above metric ansatz into the action, the resulting reduce Lagrangian 
is given by 



L 



J^V_ (,.+A)/2 

:i-3Aj 



(2A, - 1) 



fg-A _ -A _ ^ 

^^-^ + 2A,^-^(A'e 



r 



^^(A'e-")2 



-2{w - Aw){l - e-\l - rX')) - 3A^r2 



(7) 



The above Lagrangian yields the following equations of motion: 



(2A, - 1) 



-A 



-A 



2A, 



-(A'e 



'9 ^1 ^2 ^'^9 ^ 

-2(w - A^)[l - e-\l - rA')] - "ikl^r" , 



^^(A'e-")2 



z/' + A' 



(A,-1)(AV^)-2A 



+ (A,-1) (-A" + A')e 



r 



1{w - Avy)r 



(9) 



by varying functions v and A respectively. 

Now by imposing A^ = 1, which reduces to the Einstein-Hilbert action in the infra-red 
limit, one obtains the following solution of the vacuum field equations in Hofava gravity: 



(10) 



Here /3 is an integration constant. Now the Kehagias-Sfetsos (KS) black hole solution [85] 
is obtained by considering /3 = 4wM and h.w = 0, 



1 + wr'^ — wr'^xl 1 



AM 



fill 



If we impose the limit ^ <C 1, then the last expression yields the Schwarzschild metric 



wr 



^u{r) _ ]^ _ 2M/r. There are two horizons 



r± = M 



1 ± 



(12) 



To avoid a naked singularity at the origin, impose the condition wM'^ ^ 1, the outer 
horizon approaches the Schwarzschild horizon ^ 2M, and the inner horizon approaches 
the central singularity, r_ ^ 0. 

3 Cardy-Verlinde formula 

In this section, we introduce the Cardy-Verlinde formula which states that the entropy of 
a (l+l)-dimensional CFT is given by 



where c' is the central charge and Lq is the Virasoro generator. After appropriate identifi- 
cations of d and Lq, the above Cardy formula, we obtain the generalized Cardy-Verlinde 
formula which takes the form [1] 

ScFT = ^ ^Eci2E-Ec), (14) 
V ab 



where E is the total energy, Ec is the Casimir energy, a and h are arbitrary positive 
constants. Also R is the radius of the n + 1 dimensional spacetime, ds^ = —dt^ + R^dQn- 
The definition of Casimir energy is derived by the violation of the Euler relation as 

Ec = n{E + PV -TS -^Q -nj), (15) 

where the pressure of the CFT is given by P = E/nV . For KS black hole, J and Q are 
zero. The total energy is the sum of two terms 

E{S, V) = Ee{S, V) + ]^Ec{S, V). (16) 

Here Ee is the purely extensive part of the total energy. The Casimir energy and the 
purely extensive part of the total energy are expressed as 

Ec = ^S^-K (17) 

- jI^S-^. (18) 

4 Entropy of Kehagias-Sfetsos black hole and Cardy- 
Verlinde formula 

Following [86], the entropy of the KS black hole is assumed to be given by 5 = ^4/4 = vrr^, 
which yields 



S = -kM' 



1 

2wM^ 



(19) 
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Padmanabhan [87] has shown that temperature of the event horizon of a spherically 
symmetric spacetime is given by 



T 



1 9e^(^) 
Att dr ' 

r+ — 



w 
2^ 



4M 



wr'j 



3M 



4A/ 



ri ./I , 



(20) 



calculated at the event horizon r = r_|_. We choose n = 2 and E = M for KS black hole. 
The Casimir energy becomes 



c 



3M - 2TS, 
3M - wM^ 



+ 



AM 
1 + ^ + 
wr't 



3M 



AM 



1 



.(21) 



The pure extensive part of the total energy is given by 



^M + TS, 

1 wW^ 
-M + 

2 2 



r+ - r_u4 / 1 



4Af 



3M 



4j\/ 



1 + A 1 



2m;M2 



(22) 



Also 
2E-Ec 



-M + 2T5, 



-M + wM^ 



r_i_ — r J 



4M 
1 + — ^ + 



3M 



^ /I I 4Ai 



1 + Wl 



.-I 2 



2wM2 



(23) 



From comparison of equations (17) and (21), we obtain 
R 



■i-M-TS 



Att \2 
b 



M 1 + A 1 



47rV2- 



X 1 + Wl- 



1 



2'u;M2 



3,. wM^ 

-M 1 r^i. — 

2 2 



4M 
1 + ^ + 

wrl 



3M 



rlJl + 



4M 



2wM2, 

From comparison of equations (18) and (22), we obtain 

a53/2 



(24) 



R 



An 



1 ^ -1 

-M + TS 



5 



4 V V 2wM2 



1 wM^ f I AM 



3M 



4M 



X 1 + A 1 



1 



Taking product of (24) and (25), we obtain 
R - ^ 



(25) 



S 



(26) 



Using (21), (22) and (26) in (14), we obtain 

ScFT = S. 



(27) 



It has been proven that the entropy of the Kehagias-Sfetsos black hole can be expressed 
in the form of Cardy-Verlinde formula. We would like to remark that the technique used 
above to prove this result has been followed earlier for the rotating charged BTZ black 
hole as well |6l [8] . Moreover, the quantity R is in general arbitrary but in the presence 
of a background geometry, it becomes particular and therefore can be written in terms of 
the parameters of Kehagias-Sfetsos spacetime (the geometry), like we obtained in (26). 



5 Conclusion 

HL theory brings some important new features from the GR to the higher dimensional 
lagrangian and it's role in construction a non relativistic candidate for quantum gravity. 
According to the Bias et al arguments |26], it seems that this model must be modified 
by some terms to avoiding from strong coupling, instabilities, dynamical in consistencies 
and unphysical extra mode. One of the first exact solutions for this modified version 
is the work of Kiritsis [88]. Indeed the Kiritsis work contains some previous families of 
exact solutions as a special sub class and has a good asymptotic behaviors. The explicit 
form of exact solution for this modified version deal with some algebraic quadratures 
and lead finally to an implicit static spherically symmetric metric. But no doubt this 
solution generic, avoids from the trouble problems which occur in the original version 
of HL. As we know that there are 2 explicit family of exact solutions for a spherically 
symmetric background without projectability condition and other solutions all are the 
familiar GR solution i.e 74(is4-Schwarzchild solutions. One solution belongs to the [85] 
which in abberation in literatures known as KS solution. This solution is asymptotically 
flat and as we showed that in spite of the GR BHs, it's timelike geodesies is stable [89] . 
The aim of this paper is to further investigate the AdS/CFT correspondence in terms 
of Cardy-Verlinde entropy formula. We have shown that the entropy of the black hole 
horizon of Kehagias-Sfetsos spacetime can also be written in the form of Cardy-Verlinde 
entropy formula. 
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